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U S A
I. Abstract Almost all industrial robots exhibit joint flexibility due to mechanical compliance of 
their gear boxes. In this paper we outline the design of three controllers for flexible joint robots . 
Two of the three controllers are suitable for parameter adaptation, the candidate Lyapunov func­
tions for these two controllers are derived from arm energy considerations.
The desired actuator trajectory in a flexible joint robot is dependent not only on the desired 
kinematic trajectory of the link but also on the link dynamics. Unfortunately, link dynamic 
parameters are unknown in most cases, as a result the desired actuator trajectory is also 
unknown: To overcome this difficulty, a number of control schemes require the use of link
acceleration and link jerk feedback. In this paper we describe three control schemes for flexible 
joint robots Uihich do not use link jerk or acceleration. One of the controllers i s  suitable fo r  tra- 
jectory tracking when the robot parameters are known in advance: The other two control laws 
art derived from candidate Lyapunov functions which resemble the energy of the arm deviating 
from the desired trajectory. Trajectory tracking and adaptation of robot arm parameters are pos­
sible with two of the controllers described in this paper. Our control schemes do not require the 
numerical differentiation of the velocity signal, or the inversion of the inertial matrices. Simular 
tions are presented to verify the validity of the control scheme. The superiority of the proposed 
scheme over existing rigid robot adaptive schemes is also illustrated through simulation.
2. Introduction
Many of today’s rigid robots are driven by actuators with high gear ratios, the load due to 
the arm at the actuator is reduced by a factor of ng, where, ng > I, is the gear ratio. In fact, 
inertia of the arm experienced by the actuator is reduced by ( l /n g), and as the actuator 
acceleration is ng times the joint acceleration, the overall load is reduced by ( l/n g). Thus the 
load experienced by robots with high gear ratios are dominated by actuator dynamics, link 
dynamics are secondary. Recent trend is towards high-technology direct-drive robots. Here, the 
actuators are directly connected to the links and the lack of high gear ratios and increasing 
demand for high-speed operation, requires the control system to compensate for the dominant 
nonlinear link dynamics. Thus the presence of high gear ratios reduces the effective load 
experienced at the motors but at slower robot operations, and the absence of gearing adds to 
the complexity of the control problem. Robots which move fast (apparently with reasonable 
manufacturing cycle times) and or carry large loads have additional problems. It is experimen­
tally found that most gearing systems are compliant, as a result, actuators are connected to the
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robot links through effectively flexible shafts. Experimental evidence also indicates that joint 
flexibility should be accounted for in both modeling and control of manipulators [1] [14] [4]. 
The presence of joint flexibility in the direct-drive high-speed actuators can be modeled by a 
'’linear" torsional spring. This flexibility may be attractive in some practical applications when 
the robot must make contact with an unknown surface.
Numerous techniques to control Flexible JointRobots have been suggested [14], [2], [3], [6], 
[12], [4]i One approach is based on the idea of feedback linearization, which requires the meas­
urement of joint acceleration and jerk to be used in the feedback loop [2], [ 12]. Another method 
is based on the concept of reduced order system and requires the restriction of the system to a 
suitable integral manifold in the state space [6].
We derive three controllers which drives the FJR to track a desired trajectory . Similar to 
the work on rigidly jointed robots [10],[ll], [7], our controller design starts by selecting a candi­
date Lyapunov function which is similar to the energy of the FJR. Our control scheme does not 
require link jerk, or acceleration feedback or the inversion of the inertia matrix, in addition 
parameter adaptation is easily accommodated for two of the three controllers.
At this time, the only adaptive control scheme for flexible joint robots that we are aware 
of that uses position and velocity feedback is the one derived from singular perturbation argu­
ments by Ghorbel, Spong and Hung [4]. In order to derive an adaptive scheme from a singular 
perturbation argument, several assumptions are necessary, these include sufficient joint stiffness 
and that it is possible to ignore the higher order terms in the singular perturbation expansion. 
Assumptions such as these are not necessary in our derivations.
An important problem in adaptive control is that of parameter convergence, providing a 
sufficiently rich tracking signal has sometimes been assumed to be adequate conditions for 
parameter convergence. However tracking a persistently exciting trajectory does not mean that 
all of the unknown parameters of a certain manipulator can be estimated. In general, the max­
imum number of parameters that may be estimated depends on flic trajectory used for estima­
tion and bn the kinematic structure of the manipulator. These unknown parameters could be 
categorized as uniquely identifiable, identifiable in linear combinations only, or unidentifiable. 
Typically, only those dynamic parameters that affect the force/torque equations of at least one 
joint can be identified.
The organization of the remainder of this paper is now described. Section #3 and #4 
summarize the dynamics and trajectory model of the manipulator. A trajectory tracking con­
troller which does not use link jerk and acceleration is described in section #5, it is assumed 
that the manipulator parameters are known in advance. Section #6  explores the use of the 
arm’s energy as possible Lyapunov function candidates. The energy based Lyapunov functions 
derived in section #6  are used to derive adaptive control schemes in section #7. Simulation 
results are given in section # 8, conclusions are presented in section #9.
3. M anipulator Models
Experimental myestigations of industrial robots with harmonic drive transmission and 
other forms of gearing indicate that joint flexibility contributes significantly to the overall 
dynamics of the system [1], [13]. The dynamic equations of the flexible joint robots are given as:
T ^  "hK*(ffm—fl) ( I )
0 =D(q)q-fC(q,q)q-hg (qHKgfq-qn,) (2)
where, an u-link manipulator becomes a 2n-degrees of freedom system:
Dm : Diagonal motor inertia matrix G IRnxtl 
Bm ! Diagonal motor damping matrix G IRnxn 
Kg IDiagonaldriveshaftstiffnessmatrixGIRnxn 
qni : Vector of sensed motor angles G IRnxl 
D(q): Link inertia matrix G IRnxn
^Centrifugal and coriolis terms matrix G IRnxn 
g(q ): Gravitational vector term G IRnxl 
q : Vector of link joint angles G IRnxl
Matrices Dm, Bm, Kg, are all positive definite matrices. Further, D(q) is symmetric, posi­
tive definite and both D(q) and D_1(q) are both bounded as function of q [13], [4]. When Kg 
tends toward infinity, the robot is considered to have rigid joints (i.e. q=qm )♦ The dynamic 
equations which represent the rigidly jointed robot, with the same inertial and coriolis matrices 
as the FJR defined above, are:
r =  [D(q)+Dm]q+[C(q,q)4-Bm]q-|-g(q) (3)
Some properties of the rigid model concerning the inertia matrix, coriolis and centrifugal 
force matrix were discussed by Koditschek. Those properties remain valid for the flexible model
[4]. The first most important property shows that D(q) and C(q,q) are not independent, but the 
matrix (D—2C) is skew symmetric, this can be easily derived from the Lagrangian formulation 
of the manipulator dynamics (see Appendix A). The second property confirms that the indivi­
dual terms of the right hand side of equation (2), excluding the Kg (q--qm) term, could be 
represented by a linear relationship between a suitably selected set of unknown manipulator 
and load parameters [11], [4], [13], in other words equation (2) could be rewritten as:
O =  Y (^qtq)P -F K 8 ( q -  q,,,) (4)
where Y(q,q,q) G R nxr, is called the regressor matrix of known functions, and P G IRrxl is a 
vector of unknown parameters.
4. T rajectory  Mode!
Let qa(t) E C4 denote a desired link trajectory in whichcase qd( )̂>4d(L),cid( )̂» l̂ d(̂ ) are all 
bounded and continuously differentiable. The set of desired motor trajectory can be derived 
usipg equation (4). The diagonal stiffness matrix, Kg E lRn><T, can be written as Ks — Piag[ksi], 
where kgj >  0, for i == l,2,...,n , represents the spring constant of the ith drive shaft. Since all 
of these constants are positive and K3 is a diagonal matrix, as a result matrix Ks is invertible 
and positive definite.
We assume the link parameters and the load handled by the end effector are time invari­
ant, i.e.
P =  Constant vector, thus, P =  P = 0 (5)
The above assumption is valid in a large class of applications. The desired motor trajectory 
may now be computed as follows:
qmd(t) +<Jd(t) -   ̂ (6)
4md (t)= Y(q,), q<), qd )P + q«j(t) (7)
<imd {^K ^Y fqV .qd.qaJP  +qd(t) (8)
The subscript "dM is used to denote the desired trajectory;
Notice that the desired motor trajectory qmd(t), qmd(t) and qmd(t) are dependent on the 
desired link trajectory qd(t), qd(t) and q<j(t) and also on the unknown parameters P and the 
link dynamics represented by Yd, Yd and Yd- This makes it difficult to design a control law 
which utilizes thedesired motor position and velocity.
Using equations (6), (7) and (8), removing subscripts d, and using equation (I) and (2), we 
can rewrite equation (I) in-link coordinates q as:
r= D mK§ 1 D(q)qW + N(q, q(I W 2). q<3)) (8a)
=  Y*(q>q(1),q(2),q(3)-q(1))p‘ (8 b)
where, N ,•) ElRn,is a nonlinear function and qW is the ith time derivative of q. From the 
structure of equation (8a) we can see that the FJR can be stabilized by feeding back a non­
linear function of the link position; velocity, acceleration and jerk. Notice that the fourth order 
dynamics in the link coordinates can also be written in the regressor matrix form in terms of 
some suitably selected vector of unknown parameters P .
6. Control of the Flexible Joint Robot 
when the Arm Param eters are Known
An adaptive controller for the FJR can be derived if measurements of q, q ^V fi^  and 
are available. Generally it is difficult to measure acceleration and jerk and it is desirable to 
design control schemes which only require the use of link position and velocity and motor posi­
tion and velocity. In this section we will show that we can derive such a controller from
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!Lyapunov's second method if the arm’s dynamic parameters are known in advance. First 
npUce that if the arm parameters are known, then the acceleration and jerk of the joints can be 
obtained directly from the; link and motor position and velocity measurements.
q(2) “ D -^K ^qm -q) -  C ^ .q ^ q W  -  g(q)}
and q̂ 3) =
(9a)
(9b)
Having shown that q(2) and q(3) can be obtained from velocity and position feedback* we wilt 
now assume that they are available.
Given, qd(t) G C4, is the desired link trajectory, we can define tracking error 
e(t) =  qdW —• q(t), and a composite error vector rj{t) G IRn, such that 
r;(t) =  ê 3l -f A2e(2) +  Aje^1) -f Aoe, where Aq,Al,A2 GIRnxn are gain matrices. We will also 
define,/i(t) == A2ê aV + A1C^ H-AoeW'.
Theorem #1
The following control torque applied to the dynamical system given in (8a): 
’ N(q,q(*J,q(2),q(3)) + 0CJ(q,qW)v + K0 q + 0D(// + q ^ ) ( 10)
ensures e(t) + O M t
r~ I
op for ah appropriate choice of matrices Aq, A j ,A2 arid Ki) G E 'nxn
given /? =  DmK8 l . Furthermore, r = rfq.qM.qm.qW).
Proof of Theorem #1: ■;
GousidertheLyapunovfunctioh
/  . V =  !"'ItD'?
Then using the fact (D —2C) is skew symmetric (see Appendix A), we obtain, 
V -  q‘(Dq + ip j j )  -  -  2C(q,q(»))q-
= r?1/?- 1 (/5D(q&*̂  +  M) +  N + /9C(q,q(1))q -  7)
If we set T as given in the above (10), we have:
( 12)
v  = -Tit^ - 1K ov < 0
As P •
(13)
DmK r1 5s a positive definite diagonal matrix, in which case we can set Kp as a positive 
definite diagonal matrix such that /T- 1Kd is positive definite. This ensures that rj{i) —► O as 
t 00, therefore for an appropriate choice of the matrices Aqj Aj jA2 such that the eigenvalues 
of (s31 +  Ajs2 +  Al s +  Ao) are in the LHP, ensures that, e(t) —* 0, as, t —► 00,
Notice that as q(3) and q(2) can be expressed in terms of link and motor positions and velo­
cities, as shown in equations (9a) and (9b),>(q,q^W 2W 3)) = r(q,qm^<b<1^)- # # #
Notice when the arm parameters are uncertain, we cannot calculate the link acceleration 
and jerk (as in (9a) and (9b) ). As a result, this scheme is not suitable for adaptation. In the 
next two sections of this paper we derive adaptive controllers based on the arm energy con­
sideration.
- G -
8. Selection of ah Energy-based Lyapunov function
The total energy of the robot arm is E, it is the sum of the kinetic and potential energies 
of the actuator and linkages:
, .t  . , .t
E=^qm Dmqm+^q Dq4-,/2(q-qm)tKs(q--qm)-f$(q) (14)
where, $(q) is the gravitational potential energy of the linkage. Then the power input to the 
FJIt is through the actuator and is given as:
(15)
Notice that when $(q) =  0, E(qm,q,qm,q) becomes a quadratic in q, q, qm, and qm. Notice 
also, if we set Tjn =r Bjjjqm-Q qm, then
=  -̂q ra Bq1Ii — 0 ( If i )
where, £ IRn, and Q G IRnxn > 0  is a positive definite matrix .
We can conclude that, with an appropriate rate feedback, we may track a static joint tra­
jectory. This exposition shows why most FJR with appropriate velocity feedback can be stabil­
ized. This exposition indicates that we may select a Lyapunov function similar to E given in 
(14), and we may stabilize the FJR along a nonstatic link trajectory by suitable position and 
velocity feedback.
Excluding the potential energy of the FJR, the energy of the robot arm along a 
prespecified trajectory is:
^ ( ^ “ ^ q jD q j4 _l/^(q(j —qmd) Kg^qj—qmc[)+Vkqm(jBmqmd (1^)
Likewise, the energy of the FJR which causes the deviation from the desired trajectory is given
asrV-'
1 ; (18)
where, we defined the error terms as: e =  ( qj - q ) and em — ( qmcj — qm).
Throughout the trajectory it is desired to have <  0, furthermore V(t) and V(t) should be
dt
dependent on e and em as well as em and e . We can make V(t) dependent on e, e, em and em 
by selecting:
V(I)==^ejnDmem +VfeetDe+^( e— em)
+ V K p e + ^ K p m e *  (19)
where, Kp €  K nxn, Kpm C E nxn are some positive definite gain matrices. The derivation of 
Tm to make V(t) <  0 and quadratically dependent on the variables e, em, e and em will be 
addressed in the next section.
7. C ontrol and A daptation  Law Design
As the dynamic parameters of the arm are unknown and assumed to be time invariant, we 
can define the parameter error vector as ep = P - P ,  where P is the estimated parameter vec-.
tor. Notice ep =  P, as P =O. Based on the estimated value of the parameter vector P , we 
obtain an estimate of the desired motor position as qmd using equation (6). Similarly, we can 
coinpute the estimated motor velocity and acceleration. We can define the following motor
error as  ̂ ^ - Q m ) *  Similar terms for em and em can be defined. Based on the above
Lyapunov function (19), we can find the energy of the trajectory deviating from the desired tra­
jectory as:
V (t)=% 4D mcroW D e + l4 ( e ^ m)H<s(E—Sm)
+ ^ ‘Kpe+'/^^Kpmen, + '^e‘ Mep (20)
The last term in (20) is added to account for parameter adaptation, where 
KpKpm E JRnxn, and M E IRrxr are some positive gain matrices.
For convenience let us define:
DfaWd +£(<!» 4)4d d“g(cl)=:̂ (Qd> 4d, 4, (21)
where, ^  E R nxr , and
Yd =Y (qd,qd,qd) (22)
where, Yd E JRnxr.
Theorem #2r
If the control torque is bounded such that |M I<rmax’ The system given by the dynamical 
model (I) and (2), subjected to the below control and adaptation laws, results in bounded tra­
jectory tracking error.
r==l^in ̂ lmd 4m *hKg (qmd —qd )-f-Kpm em+Kdm em
H— ~ ~  ( ( ,j )P +K p e)+e1 Kd e+e1 Kp e +e KPm e m ] (23)
IIemIF . v
where, Kdm, Kd E IRnxn are some positive gain matrices. The parameter adaptation law is 
given by:
P(t) = M - 1^ q d , qd.4,q)e (24)
The trajectory tracking error is bounded in a set which is given by:
«1 Ilem IIfIIeIKa2 l|eU+a3(t))/l|e,„ !!+^(t) <?W X (25)
where Qj, 0$, »3 ,<24 are some positive scalars, and || • || is the Euclidean vector norm,
Proof of Theorem 2s
Differentiation of the positive Lyapunov function candidate V(t) in equation (20) yields the 
following:
+e* [De+^De+Kpe+Kgfe—€m )] +CpMep —e* (xkY> - C)n (20)
In order to simplify equation (26), we have subtracted the term Ct(VaI)-C)e Q, see (Appendix 
A). Simplifying equation (26) and substituting the dynamic equation of the FJR given by (I) 
and (2), we have
/^ ( t ) ^ ! ^  (Dî  QmtJd-KsIqm^—qj)+Kpmem—[DmqTn-f-Ks(qTT1—q)]}
^{Dqd+Cqd+Ksfqd-qnjdJ-jDqd-Cq+Ksfq-qrnJ+g^q)]
+Kpe+g(q)}+epMep
[Pm Hmd (̂ imd qd):“l"̂ pin®m"("®m(im
-Ut [Dqd+Cqd4-Kg(qd - 5 md)+Kpe4g(q))+c*,Mep (27)
Then by substituting the controller (23) into (27), using the definition of 1F given by equation 
(21), -aridby using the fact that, K9(qa—qmd Y d ?  , derived from (6), we get:
t  e*« • ♦ ' ■ ~
V(t)=em{-Kdmem-— r — ^^(^-VdjP+KpeJ^'Kae+e'Kpe+e^Kpmen,]}
IIeJP
4^t('I>P-Y(,P+Kpe]+e‘ Mep
= —emKdmem~« K-d^-jKpe BniKpmCm-C 'I'ep+e.pMcp
; - 1V  - I , ; n'
; t L .
Since, ep = P -P , and as, P=O (robot arm parameters are time invariant), we can substitute the 
adaptation Iavr (24) into (28) and the final expression for the derivative of the Lyapunov func­
tion is given as:
V(t) -  - e mlQmein”^  K je—CtKpe—em Kpmem < 0  (29)
Which guarantees the convergence of em, e, em, and e as time goes to infinity.
The problem that can arise with this controller is that as ||em |h~d), large torques are 
required to maintain the manipulator along the desired trajectory . As this is impractical , let 
us assume that the available joint torques are bounded , i.e. ||r jj< m̂ax » in which case we have 
V(t) < 0  , if:
IhWlH-||Kpm Illlem If+JM L[||,,(t)||+ ||Kp Illleli < W  (30a)
IIem II , ' " - V
where, qf(t)=DmqmdHd3mqin-I-Ks (qJnd~qd) (30b)
p(t)=^(qd, qd, q, qjP-Kg (qmd -q d) (30c)
Let us define the following positive constants: ^i==IlKpmII, O^=IlKp ||, and positive scalars 
»3(t)=||p(t)||, and a 4(t)= lh(t)||.
The ultimate bound on the trajectory errors is then given by the set S defined as:
S== { e(t),e(t),em(t),em(t) Ja1 ||em ll-hllel^^ Ile IM-̂ 3(t))/||?m ll+n-l(t) = rmax } (31)
###
Notice that for a particular trajectory an upperbound on aj(t) and <24 (t) can be found, this 
allows one to find an upperbound on trajectory error for all time.
In order to reduce excessive torque demands as ||em ||—K), we make use of the structural 
reduction in the system to propose a secondary controller. Let A ElRnxn be some positive diag­
onal matrix, then we let
,r (q j , qd, q, q)P=D(q)|q(J +Aej +C(q, q)[qd+Ae]+g(q)
•where, F G R nxr- Furthermore let us define the following variables: 
s € IR.11, s=(e-f-Ae). Let us also define a region where, emi == qmdi—4mi> as:
(32)
Ahn in O') — e mi ~  Ahnax(I) f ° r *—1*2 ,. (33)
where, AhninO)* ^nd Ahnax0) are real scalars. Let us also set vector X == (X1 ,.,.XnJt £ IRn be 
defined such that:
Xj — /^Dmi{Sgn(sj)[/im|n(i) Ahnax (01 "Whnin (O-WhnaxO))
for i = l ,2,...,n .
where, Sgn(sj)
+1 if sj >  0
- I  if Si <  0




If, IJeni IP <  6 >  0, we employ the below control law (36) and adaptation law (37) in
addition (when ||em|p > e), we employ the control and adaptation law described in theorem 
2, then the norm of the system tracking error will decrease to the order of 0 (\ZT). The second 
stage control !aw is given by:
f  ̂ Ffad , Qd »4, q)P+Dm qm(j +Bm qm +Kjs X (36)
where, IQm, Kj £ K nxn are some positive definite gain matrices. Thesecond stage adaptation
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Iawisgiyenby
P (t)=M_1r 1 (qd, qd, q, q) |e+Ae] 
Proof of theorem 3:
(37)
Letus consider tbe system when ||em|f  <  e. If e is suitably small then at this stage the 
motor is tracking the estimated actuator trajectory in velocity, but a steady state error may 
exist between the actual and desired motor position,
JL ' n
Notice now as ||em|| -î Q , a s tru c tu ra l reduction in the system  is apparent as the
'lLyapunov" function V(t) in (20) resembles that of a rigid robot, as the first term is approxi­
mately zero. We exploit this property in the secondary control. The dynamic equations (I) 
and (2) can be added to obtain a single system equation:
T =  D(q)q+C(q,q)q+g(q)+Dmqm+Bmqm (38)
Consider now theLyapunpvfunction candidate W(t):
W(t)=,A(e+Ae)tD(e+Ae) + 1̂ epMer, (39)
Differentiating W(t) with respect to time, substituting F given by (32), anti using the dynamic 
equation (38) leads us to:
W(t)=st [DCe+A4)+,̂ D(e+Ae)] +  e‘ M6p
=st[Dqd+DAe+C(q,q)(qd+Ae)-(Dq+C(q,q)q)] + PpMpp
[D (qd TAe) -f C (q, q)(qd -fAe)-fg(q)
=s [FP +Dmqmd-D mem-fBmqm —r] +  epMep 
Substituting for r from equation (36) into (40) yields,
W ( tH > V r e p -K dS -D mi m-fX] +  e ^ p
(40)
= -s l re p -S t KdS -S t [Dmem-X ]+ e‘ Mep 
-  -S tKdS -S t (Dmem-X]+ep(Mep- F tS] (41)
. 't:
As, ep(t) =  P(t), since P=O, now let us substitute P(t) given by equation (37) into (41), it 
yields:
W (t)- -S tKdS -S tIDmBm-X ]+ Ct JM M -1FtS -F tS]
Tl ' 1
——s Kds—JJs](pmjemi—-Xj) < 0 (42)
A  substitution for the values of X*'s from equation (34) guarantees that \V(t) is upper 
bounded by zero and decreases for any nonzero (s=e+Ae), and s converges to zero with time
going to infinity for positive definite gain matrices A, and Kj .Consequently, this implies that 
both e(t) and e(t) decreases to zero as time goes to infinity providing the controller stays in the 
secondary controller. If however the controller switches back to the primary controller the link
and motor errors decrease towards zero until ||em |P=e. Therefore the dual control scheme will 
result in the norm of the tracking error (#\ r  || e ||2 + ILem Il2 +IIemII2 +11 e ||2 ) to decrease to
the order of 0 ( V 7 ) .# # #  Z,''.'.,
8 . Sim ulation Results For A  
T w o-L inkP lanarF JR .
We now describe the computer simulation for a two-link planar manipulator with revolute 
joints (see Figure I). The linkage are composed of two identically uniform beams which are 
infinitely rigid, with actuators mounted at the joints (see Figure 2). We assume that the load 
carried by the endneffector is a part of the second link. From equations (I) and (2), the dynamic 
equations of the two link manipulator are given as:
W t
tIml _L +m l O 4m I 1 k«l 0 tIrnl -Ql
; Qm2
1 jO
4m2 O k s2 Qm2 -Q 2
(43)
FoLbll di2








^2 " cIrn 2 : (44)-
where the coefficients can be derived from the Lagragian formulation (similar to that in Paul’s 
book, [8]). Notice that g GlR1 is the gravitational acceleration and it is assumed to be 
9.81ms'-2.
d i i = I i + I 2 + (m j 4-4m2 )I i + m 2 12+4 m 2 1112 cos(q2) 
di2 =d21 =I?+m212+2m2 Ii I2 cos(q2 ) 
d?2 “ 2̂ + m212 
cii=~4m2lil2q2sm(q2)
C12 =8̂ m 211I2Q2 s!n(<l2)
C21 —2m2 Ii I2 qi sin(q2)
C2 2 ==0 , ahd  Ij= .3 3 m jlJ+ .0 1 m jlJ  for j = l ,2  
g l (q )= g [(m i+ 2 m 2 )U cosfqi )+ m 212 co sfq i+ q ? )]
g2(q)=gm2l2COs(qi+q2) ’
Fornotationalconvenienceletusdefine
Si=Sinqi Ci=cosqi Ci2=cos(qi -fq2)
(45)
S2 = Sinq2 C 2 =Cosq2 S i2 = s in (q i- fq 2 )
We can rewrite the manipulator dynamics in the regressor fo rm  w ith  th e  u n k n o w n  p a ra m e te rs  
appearing linearly as:
K M q i (q i+q2) ( « c 2 - /? s2) gCj g c 12 




















P = P3 2m2lil2




Therefore the vector functions of unknown parameters P E IR5 and the regressor matrix 
6 IR2x5 are well defined. After choosing the desired links trajectory, we use equation? 
(6), (7) and (8) to derive the desired motor trajectory.
The control law given in equation (23) and (36) and the adaptation laws given (24) and 
(37) were used with the following definitions of and F:
and
qid (qid+q2d) (^i C2- /? ,s 2) g c r gCi2 
0  (q'ld+q2d) WldC2 ^ i a q 1S2) 0 g c }2
where, a , =  Zqu +  q2i  and Pl =  Zqidq2 + q2aq2
Wid+a) Ofi (a2C2— /?2S2) gCi gCi2
0 Wld +a)C2 +(qid +c)qi S2 0 SC12
where, a 2=  2(q!d-t-a)+q2a+b , ^2 = 2(q1d+c)q2 + (q2d+d)q2
and -Yi-(qid+q2d+a+b), 72=(qid+q2d+a+b) 







We selected a sampling period of 10x10 3 seconds corresponding to a servo rate of 100 IJz. 
We selected, e ■■ 0.5, and the second controller (36) was activated when, ||em IF The Value 
of e is quite large and it was selected to ensure small torque demand in the first level controller
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(23). The following bounds were used in the definition of Xj's —2 <  11e | |< 2, for i = 1,2. 
Table S-I shows the numerical values of the parameter vector P , and the known motors param­
eters. '
. v . . = p a ra m e te r v a lu e
V : . - /  : ■ K9i= k s2 50 N m rad” *
V ■■ V- .05 kg m2
; . Pm! ̂ >m2 .05 N m sec rad-1
; v. • ... . ■ P r 1.66
• •, : . ;' P 2 0.42
- ' . . P 3 0.63
' ; . . P4 3.75
' ' ' 4: Ps I 25
■ ' - >•'. • li~ l2 .25 m
Hii=Tn2 5 kg
Table S-I : Actual parameters values
Four different cases were simulated to show the improvement obtained over current adaptive 
control schemes for robotic manipulators. The need for adaptive control is also illustrated 
through simulations. Simulations for the controller described in equation(10), when parameters 
of the arm are known are not presented in this paper.
As seen from table (S-l), the robot considered here has extremely flexible joints. A load of 
5kg, when the arm is fully extended and parallel to the horizontal plane, results in the inner 
joint qi to deflect by Irad (or 57.3°). Current industrial robots have joint stiffness in excess of 
several hundred Nmrad-1 . Notice also, this manipulator is not light and each link has a weight
of 5kg. V
In the below simulations, we assume the manipulator is initially at rest with qj — —90p, 
and q2 =  0°. The desired trajectory is given by:
ffldW =  [—TT ■•+ 0.3sin(7rt)]rad. I




In order to show that current rigid robot adaptive schemes are ineffective when applied to 
FJR, we applied the elegant adaptive control schemes suggested by Slotine and Li [lI] to the 
FJR described in table (S-l). As this controller was derived on the assumption that the joints 
are rigid, equation (3) was used for the rigid robot model and the rigid robot control law was:
7̂ =HiId > fid > ff)P +Dm (qd +Ae)+Bm q+Kd (e+Ae) (56)
and the adaptation law was:
P(t)=M_1 I^tqd, qd, q,q)[e+Ae) (57)
The controller gains were found to be
Kp=Kp 0.25 . 0-. 0 0.25 Kd —K jna =
0,25 0
0 0.25 M=






The response of the manipulator to Slotine and Li’s adaptive control law is shown in Fig­
ures (3a, 3b, and 3c). Figure 3a shows the link angle responses, the motor responses are shown 
in Figure 3b, and parameter Pj is shown in Figure 3c. Notice all the parameters behave simi­
larly to P |,  shown in Figure 3c. From Figures 3a and 3b, it can be seen that unacceptable link 
and motor responses are obtained before the system goes unstable Figure 3c shows that the 
parameters vary wildly before diverging.
We expect that all other rigid robot adaptive control schemes would also produce unstable 
responses when applied to control FJR’s with such low joint stiffness. These simulations indi­
cate clearly the need to develop new adaptive control schemes for the FJR. Note that the rigid 
control law (56) gives acceptable responses for very large joint stiffness, eg with 
K8J =BOOONmrad-1 *
Case # 2 :
In order to show the effectiveness of the adaptive controller given by eqU ations(23) and 
(24) we applied the control scheme to the FJR described in table S-l. Here we set 
|fi |<25Nm and |<25Nm. The controller gains were selected as show n below:






0 2 ( 61 )
The response of the motors, joint angles and parameters are shown in Figures 4a, 4b and 
4c respectively. Notice that stable responses are obtained , parameters do not diverge and 
small steady state errors in jo in t# l and in joint#2  are observed. This one level adaptive 
scheme is clearly more effective than the rigid control schemes.
Case #3 :
In order to show the need for adaptation and the effectiveness of the dual level control 
scheme, we applied the control scheme given by equations (23) and (36). We assumed the 
parameter vector P==[2,l,l,3,5,l]. The parameters are different from their actual values given 
in table S-l. The response of the FJR to the control scheme without the adaptation is given in 
Figures (5a, and 5b). We can see the tracking errors of the links in Figure 5a, and the tracking 
errors of the motors in Figure 5b. Notice that the scheme given in equations (23) and (36) is 
more effective in tracking the FJR trajectory than Slotine and Li’s rigid adaptive scheme, 
which gave unstable responses. The controller gains used were the same as those given in Case 
#2 . We can see a significant steady state errors develop, clearly this Is undesirable In many 
applications. In order to compensate for the steady state tracking error, it is desirable to
employ an adaptive control scheme. Notice, even if P was determined such that, P-P=O, the 
need for adaptation is not eliminated as the robot may pick up unknown loads arid therefore 
alter the P vector. This would once again result in steady state tracking error.
Case #4:
In order to show the effectiveness of the adaptive control scheme given by equations (23) 
through (36), we applied our two level control scheme to the FJR. The response is given in Fig­
ures (6a, 6b, and 6c). Figure 6a shows the responses for the links, while Figure 6b shows the 
responses of the motors, and Figure 6c shows the estimates of the parameters. We can see that 
the motor and the link tracking errors go to zero. The parameters also do not diverge, although 
they do not converge to their exact actual values, they oscillate about their true values. The 
controller gain matrices given in equations (60) and (61) were used for this case. Clearly, the 
response of the manipulator to the adaptive FJR scheme described in this paper is significantly 
better than applying rigid robot adaptive schemes as seen in case # 1. Notice also the the two 
level adaptive scheme has superior performance over the non-adaptive control law simulated in 
case ^3 and the single level adaptive controller simulated in case $ 2. The non-adaptive con­
troller developed significant steady state errors while the single level adaptive controller with 
torque constraints developed some steady state tracking errors. Extensive simulations show that 
the steady state tracking error developed by this two level controller is quite small and the 
error is mainly in the motor coordinates. Notice also the behavior of the parameters, they vary 
slowly about their nominal values with the two-level scheme, whereas they do not appear to 
track their nominal values as accurately in the one-level scheme for the given simulation time.
9. Conclusion
In this paper we have presented several schemes to control flexible joint robots. Two of 
them are adaptive control schemes, they were derived without employing linearization tech­
niques, link acceleration or jerk measurements, and inertia matrix inversion. Adaptive controll­
ers for the FJR were derived using Lyapunov’s second method. From the simulation results, it 
is clear that the improvement in the tracking and parameter estimation is significant over rigid 
robot adaptive schemes. Therefore it is necessary to account for joint flexibility effects when 
deriving control schemes for industrial robots with such form of compliance.
It is obvious that some correction scheme could be added to the derived adaptation law to 
improve the robustness of our controller in the presence of bounded disturbances or unmodeled 
dynamics [5]. Experimental work will be necessary to demonstrate the practicality of our 
scheme.
It is important to point out that most industrial robots use feedback sensors mounted on 
the actuator and in order to compensate for joint flexibility additional sensors must be 
mounted to measure the joint angles and velocities.
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10. Appendix A s To show [ D — 2C] is Skew Symmetric.
Here we will show that D(q) and C(q,q) are not independent, but the matrix (D— 2C) is 
skew symmetric [10], [4], [13]. This can be easily derived from the Lagrangian formulation of 
the manipulator dynamics. In order for a square matrix W to be skew-symmetric, we need 
Wt =  — W. From equation (2)* we can represent the (kj)th element of C(q,q) by
(Al)
where, dĵ j is the (kj)t}l element of the inertia matrix D(q). Now, by interchanging the (i,j) 
indices and using the symmetry property of D (q), we note:
Therefore, we can substitute (A2) into (Al), and:
Ck5 i l l  5<li d^i l9cHc q'
Let, W(q,q)=[D(q)—2C(q,q)], then the (jk)1*1 element of W is: 
wkj=dkj ~  2c)cj
Sdkj 5dkj Sdki Sdij .








Since D(q) is symmetric, it is clear from (A4) that, wkj =  —Wjk. Therefore, \V(q,q) is skew sym 




Again by the symmetry property of D(q), (A5) is straight forward.
Now we can conclude that W(q,q)=[D(q)—2C(q,q)] is skew symmetric with zero diagonal
entries, which yields
q JD(q) 2C(q,q)) q =  0 (AG)
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